Introduction {#Sec1}
============

The aim of this work is to propose a new method to extract the parameters of the full effective field theory for quantum gravity working at quadratic order in curvature. Furthermore, we study the field content of this full effective field theory, i.e., including both local and non-local operators. We show that, beyond the massless spin-2 field, the effective theory contains a massive spin-2 field as well as a massive scalar field: the non-local operators do not introduce new fields beyond those identified by Stelle a long time ago \[[@CR1]\]. We point out that the mass of the spin-2 field can be bound by using recent gravitational wave observations \[[@CR2]--[@CR5]\]. This is interesting as the usual way to bound the masses of the scalar and spin-2 fields is to use measurements from the Cavendish pendulum type experiments (e.g. Eöt-Wash) \[[@CR6]--[@CR8]\] which are, however, sensitive to a combination of these masses. A combination of the measurements of both Cavendish experiments and gravitational wave observations would, in principle, allow one to disentangle the measurements of these two mass parameters. It is easy to understand why. While both massive fields contribute to a modification of Newton's potential, only the massive spin-2 can be excited by the quadrupole momentum of the merging two black holes system. We shall first briefly review the effective field approach to quantum gravity and then discuss our new proposal.

The quantization of general relativity remains one of the holy grails of theoretical physics. It is well understood that because Newton's constant is dimensionful, general relativity is not renormalizable, at least not perturbatively. This incompatibility between classical general relativity and quantum field theory has been the motivation to study extensions of quantum field theory such as e.g. string theory which could incorporate a consistent theory of quantum gravity. Despite much work in this direction, it is still unclear what is the correct ultra-violet completion of Einstein's theory as making the connection to infrared physics, and thus testable physics, is not straightforward. Problems are also present at infrared scales because retaining strictly Einstein's theory forces to introduce dark matter and dark energy at astrophysical and cosmological scales \[[@CR9]--[@CR12]\].

While we may be very far away from discovering the correct theory of quantum gravity, there is one framework which enables one to do quantum calculations within general relativity while remaining agnostic about physics above the reduced Planck scale $\documentclass[12pt]{minimal}
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                \begin{document}$$2.4 \times 10^{18}$$\end{document}$ GeV which is usually assumed to be the scale of quantum gravity. If one is interested in probing quantum gravity experimentally at energies below $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\star $$\end{document}$, often identified with the reduced Planck mass. Remarkably, this approach enables model independent calculations in quantum gravity without having a full knowledge of the ultra-violet theory. It is sufficient to specify the symmetries of the theory below the Planck mass and the field content. Furthermore, some of the Wilson coefficients of EQG are calculable given this input while the remaining must be measured in experiments as we do not have the full ultra-violet theory to match these Wilson coefficients to the fundamental theory.Table 1Calculable Wilson coefficients, see e.g. \[[@CR16]\], where they are calculated using dim-reg. These results match the classical ones published in \[[@CR22]\] where they are calculated using the conformal anomaly method$\documentclass[12pt]{minimal}
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Assuming general coordinate invariance below the Planck scale, the effective field theory describing the dynamics for the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _i$$\end{document}$ are renormalization scales. Note that each of these structures are functions of the metric and they contain second order derivatives. The effective action can be seen as a derivative expansion, in full analogy to chiral perturbation theory in quantum chromodynamics. It is obtained by integrating out the graviton and massless matter fields (see e.g. \[[@CR16]\]). The calculation is done at the one-loop level in perturbation theory using dimensional regularization, the divergencies of the diagrams giving rise to the non-local terms of the type $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}_{\mu \nu }\mathcal {R}^{\mu \nu }$$\end{document}$. In the following, we drop the total derivative $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}_{\mu \nu \alpha \beta }\mathcal {R}^{\mu \nu \alpha \beta } $$\end{document}$ can be eliminated using the Gauss--Bonnet identity: this cannot be done though for the corresponding non-local term. It is worth emphasizing that the effective action could be constrained further if we imposed new symmetries such as conformal invariance, see e.g. \[[@CR17], [@CR18]\], here we choose to stick to Einstein's formulation of gravity as the leading order term of our effective action. We shall now describe the parameters of this effective action and describe its dynamical content.

The parameters of the effective action and its dynamical content {#Sec2}
================================================================

The effective action contains both dimensionful and dimensionless parameters. The most familiar one is certainly the reduced Planck scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ is the non-minimal coupling of the Higgs boson. The non-minimal coupling is a free parameter unless conformal invariance is imposed. Measurements of the properties of the Higgs boson imply that $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\star $$\end{document}$ is the scale up to which we can trust the effective field theory. It is traditionally identified with $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\star $$\end{document}$ of the order of 9 TeV; see e.g. \[[@CR21]\]. The renormalization scales $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _i$$\end{document}$ could, in principle, be different for the three non-local operators, but we will assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\star $$\end{document}$ as this is the energy scale at which the effective theory needs to be matched to the underlying theory of quantum gravity.

While the Wilson coefficients of the local operators $\documentclass[12pt]{minimal}
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The effective action can be linearized around flat space-time. One obtains$$\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa ^2 = 32\pi G$$\end{document}$. It is straightforward to see that the effective action contains two new degrees of freedom besides the massless spin-2 "classical" graviton (the "quantum graviton" has been integrated out of the effective action). We have a massive spin-2 field and a massive scalar field. The linearized effective action reads$$\documentclass[12pt]{minimal}
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The dynamical content of the theory can be made explicit by calculating$$\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa ^2$$\end{document}$. As mentioned before, the effective action contains, besides the usual massless graviton (first term in Eq. ([8](#Equ8){ref-type=""})), a massive spin 2 particle (second term in Eq. ([8](#Equ8){ref-type=""})) and a massive scalar field (third term in Eq. ([8](#Equ8){ref-type=""})). Because of the negative sign in front of the second term, the massive spin 2 object carries negative energy, i.e., it is a ghost. It should, however, be kept in mind that we are considering the effective action obtained after integrating out the particles. This ghost thus does not need to be quantized and it is a classical field. The mass of the spin-2 ghost is given by the solution to the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m^2=\frac{2}{ (b_2+ 4 b_3) \kappa ^2 W\left( -\frac{2 \exp \frac{c_2}{(b_2+ 4 b_3)}}{ (b_2+ 4 b_3) \kappa ^2 \mu ^2}\right) }, \end{aligned}$$\end{document}$$where *W*(*x*) is the Lambert function. The squared mass is, in general, a complex number and the pair of complex ghosts will thus have a width with an extremely short lifetime close to the Planck time \[[@CR26]\]. The conservative assumption is that the presence of these poles simply signals a breakdown of perturbation theory at the corresponding energy scale. This is the true scale of quantum gravity $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\star $$\end{document}$ and the effective field theory must be abandoned at this energy scale.

One may be tempted to shift the mass of the ghost above the reduced Planck mass to extend the validity range of the effective field theory by adjusting the coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ to be very small or zero as it is sometimes advocated \[[@CR1]\]. However, it is clear that setting $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2=0$$\end{document}$ will not remove the ghost. The non-local terms will not be eliminated by this choice and as emphasized before, the Wilson coefficients of the non-local terms are not free parameters but rather they are calculated from first principles. A small $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ would not compensate the contribution from the non-local term. Let us introduce the parameter$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} N= & {} \frac{1}{6}\left[ N_S(b_2+ 4 b_3)_{\mathrm{scalar}}+N_F(b_2+ 4 b_3)_{\mathrm{fermion}}\right. \nonumber \\&\left. +N_V(b_2+ 4 b_3)_{\mathrm{vector}}\right] \,, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$N_V$$\end{document}$ are, respectively, the number of real scalars, Dirac fermions and real vector fields in the theory. We see that *N* cannot be too large or the mass of the ghost will drop below the reduced Planck mass and we would have to abandon the effective theory below the reduced Planck mass. These results are in accordance with previous work \[[@CR26]--[@CR28]\], where it was shown that although perturbative unitarity can be restored below the Planck mass, the presence of ghosts signals the breakdown of the effective field theory. It was shown in \[[@CR26]\] that this energy scale is associated with strong quantum gravitational effects.

Furthermore, it is impossible to find a combination of matter fields that would compensate the graviton contribution to $\documentclass[12pt]{minimal}
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                \begin{document}$$252 + 36 N_f + 6 N_s + 72 N_v$$\end{document}$. This quantity is positive and larger than 252 for any matter content. There is thus no obvious manner to avoid the massive spin-2 ghost. We would also like to point out that setting $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2=0$$\end{document}$ is not very satisfactory anyway. It is a renormalized coupling constant (see e.g. \[[@CR29]\]), while it may take the value 0 at some energy scale, it would take some symmetry argument to enforce $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2(\mu )=0$$\end{document}$ at all scales. Note that the physical consequences of the renormalization group equations for the coefficients of the local part of the action have been investigated in \[[@CR30]--[@CR32]\]. Obviously, the renormalization group equation of $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ modifies the structure of the massive ghost at higher order in perturbation theory.

We thus have to accept that the effective field theory, which contains classical fields after the quantum fields have been integrated out, contains a classical ghost. Whether or not this is a problem remains to be understood, however, it does not appear to be a dramatic issue as a classical ghost may not cause any instability in contrast to quantum ghosts. Let us now turn out attention to experimental bounds on the coefficients of the effective field theory to second order in curvature.

How to measure the masses of the massive spin-2 and spin-0 fields? {#Sec3}
==================================================================

We have seen that the Wilson coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$b_i$$\end{document}$ are small unless the number of fields *N* introduced in the model is very large. On the other hand, $\documentclass[12pt]{minimal}
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                \begin{document}$$c_i$$\end{document}$ could be arbitrarily large and we shall thus assume that they are larger than $\documentclass[12pt]{minimal}
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                \begin{document}$$c_i$$\end{document}$ are very large (as we shall see at least $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{61}$$\end{document}$), then their effect on any observable is minuscule. Our approximation is thus certainly a good one. Stelle \[[@CR1]\] has pointed out that it is possible to derive bounds on $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ using torsion pendulum experiments of the Cavendish type experiments searching for deviations of Newton's potential. Indeed,the terms $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2 \mathcal {R}^{\mu \nu }\mathcal {R}_{\mu \nu }$$\end{document}$ lead to Yukawa-like corrections to Newton's potential of a point mass *m*:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Phi (r) = -\frac{Gm}{r} \left( 1+\frac{1}{3}\mathrm{e}^{-m_0 r}-\frac{4}{3}\mathrm{e}^{-m_2 r} \right) \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_0^{\,-1}=\sqrt{32\pi G \left( 3c_1-c_2 \right) } \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_2^{\,-1}=\sqrt{16\pi G c_2}. \end{aligned}$$\end{document}$$Sub-millimeter tests of Newton's law \[[@CR6]\] using sophisticated pendulums are used to bound $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$. One finds that, in the absence of accidental fine cancellations between both Yukawa terms, they are constrained to be less than $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{61}$$\end{document}$ \[[@CR6], [@CR33]\]. Note that this bound is obtained assuming that the $\documentclass[12pt]{minimal}
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                \begin{document}$$b_i$$\end{document}$ Wilson coefficients are small which as argued above is a reasonable assumption.

Torsion pendulum experiments do not allow one to measure $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ independently. Recently, it was argued that is it possible to bound $\documentclass[12pt]{minimal}
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                \begin{document}$$c_1$$\end{document}$ \[[@CR23]\]. However, this bound was obtained under the assumption that there is a shell of scalar field around the binary black hole which is not a necessity. Here we want to point out another possibility, to measure $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ independently. This involves using the recent discovery of gravitational wave measurements on top of the usual Cavendish type experiment.[1](#Fn1){ref-type="fn"}

The detections of three binary black hole mergers were recently announced \[[@CR2]--[@CR4]\]. In each case, the final merged black hole had a smaller mass than the two progenitors, with this lost mass being radiated away as gravitational waves. The LIGO--VIRGO collaboration has used their observations to set a limit on the mass of the graviton. Constraining the graviton mass from these observations is performed by comparing arrival times of the signals at each detector; a massive graviton implies subluminal velocity, with differing frequencies of gravitational waves propagating at different speeds. The bound on a graviton mass derived by LIGO--VIRGO reads \[[@CR2]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_g < 1.2 \times 10^{-22} \text{ eV }. \end{aligned}$$\end{document}$$To obtain a conservative bound on $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$, we assume that all of the energy of the merger is emitted into the massive spin-2 field. The Wilson coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_2$$\end{document}$ is related to mass $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_2= \frac{1}{16 \pi G m_g^2}. \end{aligned}$$\end{document}$$We thus get the following bound:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} c_2 < \frac{\left( 1.22 \times 10^{28}\text{ eV }\right) ^2}{16\pi \left( 1.2 \times 10^{-22}\text{ eV }\right) ^2} = 2.1\times 10^{98} . \end{aligned}$$\end{document}$$Although this is not a strong bound, it does, however, directly apply to the coefficient of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}^{\mu \nu }\mathcal {R}_{\mu \nu }$$\end{document}$ and it is independent of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}^2$$\end{document}$ term.

One may wonder whether scalar gravitational waves might be produced during the merger of the two black holes. However, as shown in \[[@CR34]\] for a Kerr metric, the mass monopole represents the total mass-energy in a system, which is conserved thus it does not give off radiation. This implies that the scalar field, present in the classical propagator, cannot be produced. The mass dipole corresponds to the center of mass of the system. Its first derivative is the angular momentum which is conserved as well. On the other hand, the mass quadrupole moment is not constant in time and it is the source of the emission of spin-2 gravitational waves. Both the massive and the massless spin-2 fields can be produced. We note that the local and non-local terms at second order in curvature do not modify the Schwarzschild metric at this order in the curvature expansion \[[@CR35]\]. The same applies to the Kerr metric. Furthermore, due to their design as interferometers, gravitational wave detectors are only sensitive to the changes of the quadrupole moment, i.e., to waves of spin-2.

Thus far we have assumed that only the massive spin-2 wave was produced to derive our bound. Improving the bound and measuring directly $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ requires one to differentiate between the massive and massless spin-2 modes. The massless spin-2 mode has two polarizations while the massive mode has five; see e.g. \[[@CR36]\]. It has been shown in \[[@CR37], [@CR38]\] that the two modes, because of the differences in their polarizations, would lead to different signatures in the interferometer detectors such as the LIGO--VIRGO system and it is thus possible to disentangle these two contributions. This is the final ingredient necessary to establish that $\documentclass[12pt]{minimal}
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                \begin{document}$$c_1$$\end{document}$ using gravitational wave detectors.

Conclusions {#Sec4}
===========

In this paper, we have considered the full effective theory for quantum gravity at second order in curvature including non-local terms. We have shown that the theory contains two new degrees of freedom beyond the massless graviton namely a massive spin-2 ghost and a massive scalar field. We have shown that it is impossible to fine-tune the parameters of the effective action to eliminate completely the classical spin-2 ghost. As this is a classical field, it is not clear anyway that this ghost is problematic as it is not obvious that it would lead to physical pathologies. It simply implies a repulsive contribution to Newton's potential. We then have considered how to extract the parameters of the effective action and shown that it is possible to measure, at least in principle, the parameters of the local terms independently of each other using a combination of observations of gravitational waves and measurements performed using pendulum type experiments searching for deviations of Newton's potential.
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                \begin{document}$$m_2$$\end{document}$ can be achieved also by satellite experiments \[[@CR24]\] or stellar dynamics around the Galactic Centre \[[@CR25]\].
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